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We show that Carlitz’s q-Bernoulli number can be represented as an integral by
the q-analogue +q of the ordinary p-adic invariant measure, whence we give an
answer to a part of a question of Koblitz.  1999 Academic Press
1. INTRODUCTION
Throughout this paper Z, Q, Zp , Qp , and Cp will respectively denote the
ring of rational integers, the field of rational numbers, the ring of p-adic
rational integers, the field of p-adic rational numbers and the completion of
the algebraic closure of Qp .
Let vp be the normalized exponential valuation of Cp such that | p|p=
p&vp ( p)= p&1. If q # Cp , we normally assume |q&1|p<p&1( p&1), so that
qx=exp(x log q) for |x|p1. We use the notation
[x]=[x : q]=
1&qx
1&q
.
Hence,
lim
q  1
[x : q]=x
for any x with |x|p1 in the present p-adic case.
We define in the sequal a q-extension Bm(q) of the Bernoulli number
with
lim
q  1
Bm(q)=Bm ,
where Bm is the usual Bernoulli number.
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In [7], Koblitz constructed a q-analogue of the p-adic L-function Lp, q(s, /)
and suggested two questions. Question (1) was solved by Satoh [8], but
question (2) still remains open.
In this paper, we prove that the q-analogue of Bernoulli numbers occur
in the coefficients of some Stirling type series for p-adic analytic q-log-
gamma functions, which is an answer to a part of Koblitz’s question (2)
[7], and we treat some applications of Iq-integration.
2. q-ANALOGUE OF p-ADIC LOG GAMMA FUNCTIONS
Let d be a fixed integer and let p be a fixed prime number. We set
X=
N
(ZdpN Z),
X*= .
(a, p)=1
0<a<dp
a+dp Zp ,
a+dpN Zp=[x # X | x#a mod dpN],
where a # Z lies in 0a<dpN.
For any fixed positive integer d we easily see that
1
[ p : qdp N ]
:
p&1
i=0
qi dp N=1.
Thus we can define a q-analogue +q of the usual basic distribution +0 as
follows.
For any positive N we set
+q(a+dpN Zp)=
qa
[dpN]
=
qa
[dpN : q]
,
and this can be extended to a distribution on X as below.
For the ordinary p-adic distribution +0 defined by
+0(a+dpN Zp)=
1
dpN
,
we see
lim
q  1
+q=+0 .
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We show that +q is distribution on X. For this it suffices to check that
:
p&1
i=0
+q(a+i dpN+dpN+1 Zp)=+q(a+dpN Zp).
The left hand side is equal to
:
p&1
i=0
1
[dpN+1]
qa+i dpN=
1
[dpN+1]
:
p&1
i=0
qa+i dpN=
qa
[dpN+1]
:
p&1
i=0
qi dpN .
Since we see that
[dpN+1]=
1&qdpN+1
1&q
=[dpN][ p : qdp N ].
Therefore we have
:
p&1
i=0
+q(a+i dpN+dpN+1Zp)=
qa
[dpN+1]
:
p&1
i=0
qi dp N
=
qa
[dpN ]
1
[ p : qdp N ]
:
p&1
i=0
q i dpN
=
qa
[dpN ]
=+q(a+dpN Zp).
This distribution yields an integral for each non-negative integer m in the
case d=1,
|
Zp
[a]m d+q(a)= lim
N  
:
pN&1
a=0
[a]m
qa
[ pN ]
=Iq([a]m),
which has a sense as we see readily that the limit is convergent.
We define a q-Bernoulli number Bm(q) # Cp by making use of this integral:
Iq([a]m)=Bm(q).
Note that
lim
q  1
Bm(q)=Bm ,
where Bm is the m th Bernoulli number.
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The generating function Fq(t) of Bk(q),
Fq(t)= :

k=0
Bk(q)
tk
k!
,
is given by
Fq(t)= lim
\  
1
[ p\]
:
p \&1
i=0
qie[i] t,
which satisfies the q-difference equation Fq(t)=qetFq(qt)+1&q&t.
If q=1, then we have
Fq(t)=
log et
et&1
=
t
et&1
=eBt.
Let / be a primitive Dirichlet character with conductor d # Z+ , the set
of natural numbers.
Then we also define a generalized q-Bernoulli number Bm, /(q) as
Bm, /(q)=|
X
/(a)[a]m d+q(a)= lim
N  
:
dpN&1
a=0
[a]m /(a)
qa
[dpN]
=Iq([a]m /(a)).
Thus we have
lim
q  1
Bm, /(q)=Bm, / ,
where Bm, /(q) is the m th generalized Bernoulli number.
The q-Bernoulli polynomials in the variable x in Cp with |x|p1 are
defined by
Bn(x: q)=|
Zp
[x+t]n d+q(t).
These can be written as
Bn(x : q)=(qxB(q)+[x])n.
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Indeed, we see
|
Zp
[x+t]n d+q(t)=|
Zp
([x]+qx[t])n d+q(t)
= :
n
k=0 \
n
k+ [x]n&k qkx |Zp [t]
k d+q(t)
= :
n
k=0 \
n
k+ [x]n&k qkxBk(q)
=(qxB(q)+[x])n.
For the integral Iq we first see
Theorem 1. For m0, we have
Bm(q)=
1
(1&q)m
:
m
j=0 \
m
j + (&1) j
j+1
[ j+1]
.
Proof. We see
1&q
1&q pn
:
pn&1
a=0
[a]m qa=
1&q
1&q pn
1
(1&q)m
:
p n&1
a=0
:
m
j=0 \
m
j + (&1) j qajqa
=
1
(1&q)m&1
1
1&q pn
:
m
j=0 \
m
j + (&1) j
1&q pn ( j+1)
1&q( j+1)
.
Since limn   q p
n
=1 for |1&q|p<1, our assertion follows.
Let Q be an algebraic closure of Q. If q # Q & Cp , then Bm(q) is the same
as Carlitz’s q-Bernoulli numbers in [1, p. 993, (5.2)].
Example 2.
B1(q)=&
1
q+1
=&
1
[2]
, B2(q)=
q
(1+q)(1+q+q2)
=
q
[2][3]
,
B3(q)=
&q(q&1)
(1+q+q2)(1+q)(1+q2)
=
q(1&q)
[3][4]
} } } .
The proof of the distribution relations for q-Bernoulli polynomials in the
complex case was found in [1, 7], and a simple proof in the p-adic case can
be given by using Iq-integration of q-Bernoulli numbers as follows.
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Lemma 1. For each m # Z+ , the set of natural numbers, we have
|
X
[a]m d+q(a)=|
Zp
[a]m d+q(a).
Proof. For d # Z+ , we see
lim
n  
1&q
1&qdp n
:
dpn&1
a=0
[a]m qa
= lim
n  
1
(1&q)m&1
1
1&qdp n
:
m
j=0 \
m
j + (&1) j
1&qdpn ( j+1)
1&q j+1
= lim
n  
1
(1&q)m&1
1
1&q p n
:
m
j=0 \
m
j + (&1) j
1&q pn ( j+1)
1&q j+1
.
Since limn   q p
n
=1 for |1&q|p<1, our assertion follows.
Theorem 2. For any positive integer m, we have
[m]k&1 :
m&1
i=0
q iBk \x+im ; qm+=Bk(x; q)
for all k0.
Proof. From the above lemma, we can write
|
Zp
[x+t]k d+q(t)
= lim
\  
1
[mp\]
:
mp\&1
n=0
qn[x+n]k
= lim
\  
1
[m]
1
[ p\ : qm]
:
m&1
i=0
:
p\&1
n=0
qi+mn [x+i+mn]k
= lim
\  
1
[m]
1
[ p\ : qm]
:
m&1
i=0
q i :
p\&1
n=0
qmn \_x+im +n : qm& [m]+
k
=
1
[m]
:
m&1
i=0
qi [m]k |
Zp _
x+i
m
+t : qm&
k
d+qm (t)
=[m]k&1 :
m&1
i=0
q iBk \x+im ; qm+ .
If q # Q & Cp , then Bk(x : q) is the same as Carlitz’s q-Bernoulli polynomial
in [1, Eq. (5.9)].
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Next we define the function Gp, q(x) on Cp"Zp by
Gp, q(x)=|
Zp
[(x+[z]) log(x+[z])&(x+[z])] d+q(z)
= lim
N  
:
pN&1
n=0
[(x+[n]) log(x+[n])&(x+[n])] +q(n+ pNZp)
for |x|p>1.
Then we easily see
lim
q  1
Gp, q(x)=Gp(x),
where Gp(x) is the Diamond gamma function [2].
The function Gp, q(x) is locally analytic on Cp"Zp . This fact can be
shown by the same method as in [2, 5, 6].
Now we treat Koblitz’s question (2) in [7].
Theorem 3. For x # Cp with |x|p>1 we have
Gp, q(x)=\x& 1[2]+ log x&x+ :

n=1
(&1)n+1
n(n+1)
Bn+1(q)
1
xn
.
Proof. We fine that
(x+[z]) log(x+[z])&(x+[z])
=(x+[z]) {log \1+[z]x ++log x=&(x+[z])
=[z]+x :

n=1
(&1)n+1
n(n+1)
[z]n+1
xn+1
+(x+[z]) log x&(x+[z]).
Thus we have the p-adic Stirling asymptotic formula for Gp, q(x) in terms
of B(q)-numbers as
Gp, q(x)=|
Zp
[(x+[z]) log(x+[z])&(x+[z])] d+q(z)
=|
Zp
[z] d+q(z)+x :

n=1
(&1)n+1
n(n+1)
1
xn+1 |Zp [z]
n+1 d+q(z)
+log x |
Zp
(x+[z]) d+q(z)&|
Zp
(x+[z]) d+q(z)
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=B1(q)+x :

n=1
(&1)n+1
n(n+1)
1
xn+1
Bn+1(q)+xB0(q) log x
+B1(q) log x&B0(q)x&B1(q)
=(x+B1(q)) log x&x+ :

n=1
(&1)n+1
n(n+1)
1
xn
Bn+1(q).
This completes the proof of our assertion.
3. APPLICATION OF Iq
In this section we give some applications of the integral Iq .
Proposition 1. For m, n0 and x # Zp , we have
Iq(qnx[x]m)= :
n
j=0 \
n
j+ (&1) j Bm+ j (q)(1&q) j.
Proof. Indeed, we see
Iq(qnx[x]m)=Iq((1&(1&qx))n [x]m)
= :
n
k=0 \
n
k+ (&1)n&k Iq \(1&qx)n&k \
1&qx
1&q +
m
+
= :
n
k=0 \
n
k+ (&1)n&k Iq \\
1&qx
1&q +
m+n&k
+ (1&q)n&k
= :
n
k=0 \
n
k+ (&1)n&k Bm+n&k(q)(1&q)n&k.
It can be easily proved [5] that
d+0(x)=&
q&x log q
1&q
d+q(x).
Hence we have
I0([x]m)=&
log q
1&q |Zp q
&x[x]m d+q(x).
Let UD(Zp , Cp) be the set of uniformly differentiable functions on Zp
with values in Cp and let 2 be the difference operator as usual defined by
2f (x)= f (x+1)& f (x).
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Then we know that for f, g # UD(Zp , Cp) and g(0)=0 we have
I0( f2g)=I0( fg&),
where g&(x)= g(&x) [4].
Now the convolution  for f, g # UD(Zp , Cp) is defined by
fg(n)= :
n
k=0
f (k) g(n&k),
for n1 [11] and ( fg)(x)=limn  x( fg)(n) for x # Zp .
Consequently we see easily that
I0(q&x( f2g))=Iq(q&x( fg&)).
In particular we take f (x)=qmx[x]m, g(x)=[&x]n for m, n1.
Then we have
Iq(q&x(qmx[x]m ([&x&1]n&[&x]n)))
=Iq([x]m+n q(m&1)x)
= :
m&1
j=0 \
m&1
j + (&1) j Bm+n+ j (q)(1&q) j.
Therefore we obtain the following
Proposition 2. For m, n1, we have
:
m&1
j=0 \
m&1
j + (&1) j Bm+n+ j (q)(1&q) j
= :
n&1
k=0 \
n
k+ [&1]n&k Iq(q&x(qmx[x]mq&(n&k)x[&x]k)).
If q=1, we obtain a theorem of C. F. Woodcock [11].
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